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Neumann and Poincare problems for Poisson’s
equations with measurable data
Vladimir Ryazanov
Abstract
The research of the Dirichlet problem with arbitrary measurable data
for harmonic functions is due to the famous dissertation of Luzin. The
present paper is devoted to various theorems on the existence of nonclas-
sical solutions of the Hilbert and Riemann boundary value problems with
arbitrary measurable data for generalized analytic functions by Vekua and
the corresponding applications to the Neumann and Poincare problems for
generalized harmonic functions. Our approach is based on the geomet-
ric (theoretic-functional) interpretation of boundary values in comparison
with the classical operator approach in PDE.
Here it is proved the existence theorems on solutions of the Hilbert
boundary value problem with arbitrary measurable data for generalized
analytic functions in arbitrary Jordan domains with rectifiable boundaries
in terms of the natural parameter and angular (nontangential) limits,
moreover, to arbitrary Jordan domains in terms of harmonic measure and
principal asymptotic values.
Moreover, it is established the existence theorems on solutions for the
appropriate boundary value problems of Hilbert and Riemann with arbi-
trary measurable data along the Bagemihl–Seidel systems of Jordan arcs
terminating at the boundary in arbitrary domains whose boundaries con-
sist of finite collections of rectifiable Jordan curves.
On this basis, it is established the corresponding existence theorems
for the Poincare boundary value problem on the directional derivatives
and, in particular, for the Neumann problem with arbitrary measurable
data to the Poisson equations.
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21 Introduction
The present paper is a natural continuation of the articles [27]–[31] devoted to
the Riemann, Hilbert, Poincare and, in particular, Neumann boundary value
problems for analytic and harmonic functions, respectively. Here we extend
the corresponding results to generalized analytic and harmonic functions with
arbitrary measurable data, see relevant history notes in the mentioned articles
and necessary comments on previous results below.
The research of boundary value problems with arbitrary measurable data is
due to the famous dissertation of Luzin, see its original text [18], and its reprint
[19] with comments of his pupils Bari and Men’shov.
Namely, the following deep (non–trivial) result of Luzin was one of the main
theorems of his dissertation, see e.g. his paper [17], dissertation [18], p. 35, and
its reprint [19], p. 78, where one may assume that Φ(0) = Φ(1) = 0.
Theorem A. For any measurable function ϕ : [0, 1] → R, there is a con-
tinuous function Φ : [0, 1]→ R such that Φ′ = ϕ a.e.
Just on the basis of Theorem A, Luzin has proved the next significant result
of his dissertation on the existence of nonclassical solutions of the Dirichlet
problem for harmonic functions with arbitrary measurable boundary data, see
e.g. [19], p. 80.
Theorem B. Let ϕ(ϑ) be real, measurable, almost everywhere finite and
have the period 2pi. Then there exists a harmonic function U in the unit disk D
such that U(z)→ ϕ(ϑ) for a.e. ϑ as z → eiϑ along any nontangential path.
Such a solution of the Dirichlet problem for harmonic functions was given
by Luzin in the explicit form through the function Φ from Theorem A:
U(reiϑ) = −
r
pi
2pi∫
0
(1− r2) sin(ϑ− t)
(1 − 2r cos(ϑ− t) + r2)2
Φ(t) dt . (1.1)
Later on, it was shown in [31] that the construction of Luzin can be described
3as the Poisson–Stieltjes integral, where Φ is not in general of bounded variation,
UΦ(z) =
1
2pi
pi∫
−pi
Pr(ϑ− t) dΦ(t) ∀ z = re
iϑ, r ∈ (0, 1) , ϑ ∈ [−pi, pi] . (1.2)
Note that the Luzin dissertation was published in Russian as the book [19]
with comments of his pupils Bari and Men’shov only after his death. A part of
its results was also printed in Italian [20]. However, Theorem A was published
with a complete proof in English in the book [32] as Theorem VII(2.3). Hence
Frederick Gehring in [8] has rediscovered Theorem B and his proof on the basis
of Theorem A in fact coincided with the original proof of Luzin.
Corollary 5.1 in [27] has strengthened Theorem B, see also [29], as the next:
Theorem C. For each (Lebesgue) measurable function ϕ : ∂D → R, the
space of all harmonic functions u : D→ R with the angular limits ϕ(ζ) for a.e.
ζ ∈ ∂D has the infinite dimension.
Theorem B of Luzin (as well as Theorem C) was key to establish the corres-
ponding result on the Hilbert boundary value problem with arbitrary measurable
data for analytic functions in [27], Theorems 2.1 and 5.2:
Theorem D. Let λ : ∂D → C, |λ(ζ)| ≡ 1, and ϕ : ∂D → R be measurable
functions. Then there exist analytic functions f : D→ C that has angular limits
lim
z→ζ
Re {λ(ζ) · f(z)} = ϕ(ζ) for a.e. ζ ∈ ∂D . (1.3)
The space of such analytic functions has the infinite dimension.
The proof of Theorem D was reduced to the corresponding two Dirichlet
problems with measurable data for harmonic functions in the unit disk. Then
Theorem D was extended to arbitrary Jordan domains with rectifiable bound-
aries in terms of the natural parameter and angular limits, see Theorem 3.1 in
[27], and also to arbitrary Jordan domains in terms of harmonic measure and
the so–called unique principal asymptotic values, see Theorem 3.1 in [27].
4In turn, the results obtained in [27] have been applied in the paper [30] to the
study of the Poincare problem on directional derivatives and, in particular, of the
Neumann problem with arbitrary measurable data for the harmonic functions.
Namely, it was shown that the latter problems can be reduced to the Hilbert
boundary value problem by a suitable choice of the functions λ and ϕ in (1.3).
The monograph [35] was devoted to the generalized analytic functions,
i.e., continuous complex valued functions h(z) of the complex variable z = x+iy
with generalized first partial derivatives by Sobolev satisfying the equations
∂z¯h + ah + bh = c , ∂z¯ :=
1
2
(
∂
∂x
+ i ·
∂
∂y
)
, (1.4)
where it was assumed that the complex valued functions a, b and c belong to
the class Lp with some p > 2 in the corresponding domain D ⊆ C.
The first part of the paper is devoted to the proof of existence of nonclassi-
cal solutions of Riemann, Hilbert and Dirichlet boundary value problems with
arbitrary measurable boundary data for the equations
∂z¯h(z) = g(z) (1.5)
with the real valued function g in the class Lp, p > 2. We will call continuous
solutions h of the equation (1.5) with the generalized first partial derivatives by
Sobolev generalized analytic functions with sources g.
The second part of the paper contains the proof of existence of nonclassical
solutions to the Poincare problem on the directional derivatives and, in particu-
lar, to the Neumann problem with arbitrary measurable boundary data for the
Poisson equations
△U(z) = G(z) (1.6)
with real valued functions G of a class Lp(D), p > 2, in the corresponding
domains D ⊂ C. For short, we will call continuous solutions to (1.6) of the class
W 2,p
loc
(D) generalized harmonic functions with the source G. Note that
by the Sobolev embedding theorem, see Theorem I.10.2 in [33], such functions
belong to the class C1.
52 Hilbert problem and angular limits
Recall that the classic boundary value problem of Hilbert, see [13], was for-
mulated as follows: To find an analytic function f(z) in a domain D bounded
by a rectifiable Jordan contour C that satisfies the boundary condition
lim
z→ζ
Re {λ(ζ) f(z)} = ϕ(ζ) ∀ ζ ∈ C , (2.1)
where the coefficient λ and the boundary date ϕ of the problem are con-
tinuously differentiable with respect to the natural parameter s and λ 6= 0
everywhere on C. The latter allows to consider that |λ| ≡ 1 on C. Note that
the quantity Re {λ f} in (2.1) means a projection of f into the direction λ
interpreted as vectors in R2.
The reader can find a rather comprehensive treatment of the theory in the
new excellent books [3, 4, 12, 34]. We also recommend to make familiar with
the historic surveys contained in the monographs [7, 23, 35] on the topic with an
exhaustive bibliography and take a look at our recent papers, see Introduction.
In this section, we prove the existence of nonclassical solutions of the Hilbert
boundary value problem for generalized analytic functions with sources in terms
of the angular (nontangential) limits with arbitrary boundary data that are
measurable with respect to the natural parameter in arbitrary Jordan domains
with rectifiable boundaries.
Given a Jordan domain in C with a rectifiable boundary ∂D, a straight line
L is tangent to ∂D in C at a point z0 ∈ ∂D if
lim sup
z→z0,z∈∂D
dist (z, L)
|z − z0|
= 0 . (2.2)
Correspondingly, a path in D terminating at ζ ∈ ∂D is called nontangential
if its part in a neighborhood of z0 lies inside of an angle in D with the vertex
at z0. Hence the limit along all nontangential paths at z0 ∈ ∂D also named
angular at the point. The latter is a traditional tool of the geometric function
theory, see e.g. monographs [5], [15], [19], [24] and [25].
6Theorem 1. Let D be a Jordan domain in C with a rectifiable boundary,
λ : ∂D → C, |λ(ζ)| ≡ 1, and ϕ : ∂D → R be measurable functions with respect
to the natural parameter on ∂D and let g : D → R be in Lp(D) for some p > 2.
Then there exist generalized analytic functions h : D → C with the source g
that have the angular limits
lim
z→ζ
Re
{
λ(ζ) · h(z)
}
= ϕ(ζ) (2.3)
for a.e. ζ ∈ ∂D with respect to the natural parameter. Furthermore, the space
of such functions h has the infinite dimension.
Proof. First of all, let us extend the function g by zero outside of D and
consider the logarithmic (Newtonian) potential NG with the source G = 2g,
NG(z) :=
1
2pi
∫
C
ln |z − w|G(w) dm(w) . (2.4)
It is known that △NG = G in the generalized sense, see Theorem 3.7.4 in [26]:∫
C
NG(z)△ψ(z) dm(z) =
∫
C
ψ(z)G(z) dm(z) ∀ ψ ∈ C∞0 (C) . (2.5)
Note thatNG is the convolutionΨ∗G, where Ψ(ζ) = ln |ζ|, hence
∂Ψ∗G
∂z
= ∂Ψ
∂z
∗G
and ∂Ψ∗G
∂z
= ∂Ψ
∂z
∗G, see e.g. (4.2.5) in [14], and by elementary calculations
∂
∂z
ln |z − w| =
1
2
·
1
z − w
,
∂
∂z
ln |z − w| =
1
2
·
1
z − w
.
Consequently,
∂NG(z)
∂z
=
1
4
· TG(z) ,
∂NG(z)
∂z
=
1
4
· TG(z) , (2.6)
where TG is the known integral operator
TG(z) :=
1
pi
∫
C
G(w)
dm(w)
z − w
. (2.7)
Thus, NG ∈ W
2,p
loc
(C) by Theorems 1.36–1.37 in [35] if p > 1. Moreover, NG ∈
C1,α
loc
(C) with α = (p− 2)/p by Theorem 1.19 in [35] if p > 2.
7Now, by the above arguments △P = G for P = NG and, setting U = Px
and V = −Py, we have that Ux − Vy = G and Uy + Vx = 0. Thus, it is clear by
elementary calculations that H := U + iV is just a generalized analytic function
with the source g. Moreover, the function
ϕ∗(ζ) := lim
z→ζ
Re
{
λ(ζ) ·H(z)
}
= Re
{
λ(ζ) ·H(ζ)
}
, ∀ ζ ∈ ∂D , (2.8)
is measurable because the function H is continuous in the whole plane C.
Next, by Theorem 3.1 in [27] there exist analytic functions A in D such that
along any nontangential path
lim
z→ζ
Re {λ(ζ) · A(z)} = Φ(ζ) for a.e. ζ ∈ ∂D (2.9)
for the measurable function Φ(ζ) := ϕ(ζ)−ϕ∗(ζ), ζ ∈ ∂D. Finally, the functions
h := A +H are desired generalized analytic functions with the source g. The
space of such functions has the infinite dimension, see Theorem 5.2 and Remark
5.2 in [27], as well as Remark 3.1 in [29]. ✷
Remark 1. As it follows from the proof of Theorem 1, the generalized
analytic functions h with a source g ∈ Lp, p > 2, satisfying the Hilbert boundary
condition (2.3) a.e. with respect to the natural parameter on ∂D in the sense of
the angular limits can be represented in the form of the sumsA+H with analytic
functions A satisfying the Hilbert boundary condition (2.9) and a generalized
analytic function H = U + iV with the same source g, U = Px and V = −Py,
where P is the logarithmic (Newtonian) potential NG with G = 2g in the class
W 2,p
loc
(C) ∩ C1,α
loc
(C), α = (p− 2)/p, that satisfies the equation △P = G.
In particular, for the case λ ≡ 1, we obtain the following consequence of
Theorem 1 on the Dirichlet problem for the generalized analytic functions.
Corollary 1. Under the hypotheses of Theorem 1, there exist generalized
analytic functions h : D → C with the source g that have the angular limits
lim
z→ζ
Re h(z) = ϕ(ζ) (2.10)
for a.e. ζ ∈ ∂D with respect to the natural parameter. Furthermore, the space
of such functions h has the infinite dimension.
83 Hilbert problem and principal asymptotic value
In this section, we prove the existence of nonclassical solutions of the Hilbert
boundary value problem for generalized analytic functions with sources in terms
of the so–called principal asymptotic values with arbitrary boundary data that
are measurable with respect to harmonic measure in arbitrary Jordan domains.
A Jordan curve generally speaking has no tangents. Hence we need a re-
placement for the notion of a nontangential limit. In this connection, recall the
following nice result of F. Bagemihl, see Theorem 2 in [1], and also Theorem
III.1.8 in [22], stating that, for any function ω : D → C, for all pairs of arcs γ1
and γ2 in D terminating at ζ ∈ ∂D, except a countable set of ζ ∈ ∂D,
C(ω, γ1) ∩ C(ω, γ2) 6= ∅ (3.1)
where C(ω, γ) denotes the cluster set of ω at ζ along γ, i.e.,
C(ω, γ) = {w ∈ C : ω(zn)→ w, zn → ζ, zn ∈ γ} .
Immediately by the theorems of Riemann and Caratheodory, this result is
extended to an arbitrary Jordan domain D in C. Given a function ω : D → C
and ζ ∈ ∂D, denote by P (ω, ζ) the intersection of all cluster sets C(ω, γ) for
arcs γ in D terminating at ζ. Later on, we call the points of the set P (ω, ζ)
principal asymptotic values of ω at ζ. Note that, if ω has a limit at least
along one arc in D terminating at a point ζ ∈ ∂D with the property (3.1), then
the principal asymptotic value is unique.
The conceptions of the harmonic measure introduced by R. Nevanlinna in
[21] and the principal asymptotic value based on this nice result of F. Bagemihl
in [1] make possible with a great simplicity and generality to formulate the
corresponding existence theorem for the Hilbert boundary value problem in
arbitrary Jordan domains. Namely, by the Bagemihl theorem, arguing similarly
to the proof of Theorem 1 and applying in the end Theorem 4.1 instead of
Theorem 3.1, and also Remark 5.2 in [27], we obtain the following result.
9Theorem 2. Let D be a Jordan domain in C, λ : ∂D → C, |λ(ζ)| ≡ 1,
and ϕ : ∂D → R be measurable functions with respect to harmonic measure in
D and let g : D → R be in Lp(D) for some p > 2.
Then there exist generalized analytic functions h : D → C with the source g
that have the limit in the sense of the unique principal asymptotic value
lim
z→ζ
Re
{
λ(ζ) · h(z)
}
= ϕ(ζ) (3.2)
for a.e. ζ ∈ ∂D with respect to harmonic measure in D. Furthermore, the space
of such functions h has the infinite dimension.
Remark 2. As it follows from arguments to Theorem 2, the generalized
analytic functions h with a source g ∈ Lp, p > 2, satisfying the Hilbert boundary
condition (3.2) can be represented in the form of the sums A+H with analytic
functions A satisfying the Hilbert boundary condition
lim
z→ζ
Re
{
λ(ζ) · A(z)
}
= Φ(ζ) (3.3)
for a.e. ζ ∈ ∂D with respect to harmonic measure in D and the limit in the sense
of the unique principal asymptotic value, where Φ(ζ) := ϕ(ζ)−ϕ∗(ζ), ϕ∗(ζ) :=
Re {λ(ζ) · H(ζ)}, ζ ∈ ∂D, and a generalized analytic function H = U + iV
with the same source g, U = Px and V = −Py, where P is the logarithmic
(Newtonian) potential NG with G = 2g in the class W
2,p
loc
(C) ∩ C1,α
loc
(C), α =
(p− 2)/p, that satisfies the equation △P = G.
In particular, under λ ≡ 1 we obtain the following consequence on the Dirich-
let problem for the generalized analytic functions.
Corollary 2. Under the hypotheses of Theorem 2, there exist generalized
analytic functions h : D → C with the source g that have the limit in the sense
of the unique principal asymptotic value
lim
z→ζ
Reh(z) = ϕ(ζ) (3.4)
for a.e. ζ ∈ ∂D with respect to harmonic measure in D. Furthermore, the space
of such functions h has the infinite dimension.
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4 Hilbert problem and Bagemihl–Seidel systems
Now, let D be an open set in C whose boundary consists of a finite collection
of mutually disjoint Jordan curves. A family of mutually disjoint Jordan arcs
Jζ : [0, 1] → D, ζ ∈ ∂D, with Jζ([0, 1)) ⊂ D and Jζ(1) = ζ that is continuous
in the parameter ζ is called a Bagemihl–Seidel system or, in short, of class
BS, see [2].
Theorem 3. Let D be an open set in C whose boundary consists of a
finite number of mutually disjoint rectifiable Jordan curves, and let functions
λ : ∂D → C, |λ(ζ)| ≡ 1, ϕ : ∂D → R and ψ : ∂D → R be measurable with
respect to the natural parameter on ∂D.
Suppose that {γζ}ζ∈∂D is a family of Jordan arcs of class BS in D and that
a function g : D → R is of the class Lp(D) for some p > 2. Then there is a
generalized analytic function f : D → C with the source g such that
lim
z→ζ
Re {λ(ζ) · h(z)} = ϕ(ζ) , (4.1)
lim
z→ζ
Im {λ(ζ) · h(z)} = ψ(ζ) (4.2)
along γζ a.e. on ∂D with respect to the natural parameter.
Proof. As in the proof of Theorem 1, the function H = U+iV with U = Px
and V = −Py, where P = NG with G = 2g is a generalized analytic function
with the source g. Moreover, the functions
ϕ∗(ζ) := lim
z→ζ
Re
{
λ(ζ) ·H(z)
}
= Re
{
λ(ζ) ·H(ζ)
}
, ∀ ζ ∈ ∂D , (4.3)
ψ∗(ζ) := lim
z→ζ
Im
{
λ(ζ) ·H(z)
}
= Im
{
λ(ζ) ·H(ζ)
}
, ∀ ζ ∈ ∂D , (4.4)
are measurable with respect to the natural parameter because the function H
is continuous in the whole plane C.
Next, by Theorem 2.1 in [28] there is an analytic function A in D that has
along γζ a.e. on ∂D with respect to the natural parameter the limits
lim
z→ζ
Re {λ(ζ) · A(z)} = Φ(ζ) , (4.5)
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lim
z→ζ
Im {λ(ζ) · A(z)} = Ψ(ζ) (4.6)
for the functions Φ(ζ) := ϕ(ζ)−ϕ∗(ζ) and Ψ(ζ) := ψ(ζ)−ψ∗(ζ), ζ ∈ ∂D. Thus,
the function h := A+H is a desired generalized analytic function. ✷
Remark 3. By the proof of Theorems 3, the generalized analytic functions
h with a source g ∈ Lp, p > 2, satisfying the Hilbert boundary condition (4.1)
in the sense of the limits along γζ for a.e. ζ ∈ ∂D with respect to the natural
parameter can be represented in the form of the sums A + H with analytic
functions A satisfying the corresponding Hilbert boundary condition (4.5) and
a generalized analytic function H = U+ iV with the same source g, U = Px and
V = −Py, where P is the logarithmic (Newtonian) potential NG with G = 2g in
the classW 2,p
loc
(C)∩C1,α
loc
(C), α = (p−2)/p, that satisfies the equation△P = G.
The space of all solutions h of the Hilbert problem (4.1) in the given sense
has the infinite dimension for any such prescribed ϕ, λ and {γζ}ζ∈D because
the space of all functions ψ : ∂D → R which are measurable with respect to the
natural parameter has the infinite dimension.
The latter is valid even for its subspace of continuous functions ψ : ∂D → R.
Indeed, the boundary ofD consists of a finite number of mutually disjoint Jordan
curves and every of them is mapped by a homeomorphism onto the unit circle
∂D. By the Fourier theory, the space of all continuous functions ψ˜ : ∂D → R,
equivalently, the space of all continuous 2pi-periodic functions ψ∗ : R → R, has
the infinite dimension.
Corollary 3. Let D be an open set in C whose boundary consists of a
finite number of mutually disjoint Jordan curves, and λ : ∂D → C, |λ(ζ)| ≡ 1,
and ϕ : ∂D → R be measurable functions with respect to the natural parameter.
Suppose also that {γζ}ζ∈∂D is a family of Jordan arcs of class BS in D and
that a function g : D → R is of the class Lp(D), p > 2.
Then there exist generalized analytic functions h : D → C with the source g
that have limit (4.1) along γζ for a.e. ζ ∈ ∂D with respect to the natural pa-
rameter. Furthermore, the space of such functions h has the infinite dimension.
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In particular, for the case λ ≡ 1, we obtain the corresponding consequence
on the Dirichlet problem for the generalized analytic functions with the source
g along any prescribed Bagemihl–Seidel system:
Corollary 4. Let D be an open set in C whose boundary consists of a
finite number of mutually disjoint rectifiable Jordan curves and ϕ : ∂D → R be
a measurable function with respect to the natural parameter.
Suppose also that {γζ}ζ∈∂D is a family of Jordan arcs of class BS in D and
that a function g : D → R is of the class Lp(D), p > 2.
Then there exist generalized analytic functions h : D → C with the source g
that have the following limit along γζ for a.e. ζ ∈ ∂D
lim
z→ζ
Re h(z) = ϕ(ζ) . (4.7)
Furthermore, the space of such functions h has the infinite dimension.
5 Riemann problem and Bagemihl–Seidel systems
Recall that the classical setting of the Riemann problem in a smooth Jordan
domain D of the complex plane C is to find analytic functions f+ : D → C and
f− : C \D → C that admit continuous extensions to ∂D with
f+(ζ) = A(ζ) · f−(ζ) + B(ζ) ∀ ζ ∈ ∂D (5.1)
for prescribed Ho¨lder continuous functions A : ∂D → C and B : ∂D→ C.
Recall also that the Riemann problem with shift in D is to find analytic
functions f+ : D → C and f− : C \D → C satisfying the condition
f+(β(ζ)) = A(ζ) · f−(ζ) + B(ζ) ∀ ζ ∈ ∂D (5.2)
where β : ∂D → ∂D was a one-to-one sense preserving correspondence having
the non-vanishing Ho¨lder continuous derivative with respect to the natural pa-
rameter on ∂D. The function β is called a shift function. The special case
A ≡ 1 gives the so–called jump problem and B ≡ 0 gives the problem on
gluing of analytic functions.
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Arguing similarly to the proof of Theorem 1, we obtain by Theorem 3.1 in
[28] on the Riemann problem for analytic functions the following statement.
Theorem 4. Let D be an open set in C whose boundary consists of
a finite number of mutually disjoint rectifiable Jordan curves, A : ∂D → C
and B : ∂D → C be functions that are measurable with respect to the natural
parameter and let {γ+ζ }ζ∈∂D and {γ
−
ζ }ζ∈∂D be families of Jordan arcs of class
BS in D and C \D, correspondingly.
Suppose that g : C→ R is a function with compact support in the class Lp(C)
with some p > 2. Then there exist generalized analytic functions f+ : D → C
and f− : C \D → C with the source g that satisfy (5.1) for a.e. ζ ∈ ∂D with
respect to the natural parameter, where f+(ζ) and f−(ζ) are limits of f+(z)
and f−(z) az z → ζ along γ+ζ and γ
−
ζ , correspondingly.
Furthermore, the space of all such couples (f+, f−) has the infinite dimen-
sion for every couple (A,B) and any collections γ+ζ and γ
−
ζ , ζ ∈ ∂D.
Arguing similarly, we obtain also the following lemma based on Lemma 3.1
in [28] on the Riemann problem with shift that has an independent interest.
Lemma 1. Under the hypotheses of Theorem 4, let in addition β : ∂D →
∂D be a homeomorphism keeping components of ∂D such that β and β−1 have
the (N)−property of Luzin with respect to the natural parameter.
Then there exist generalized analytic functions f+ : D → C and f− : C\D →
C with the source g that satisfy (5.2) for a.e. ζ ∈ ∂D with respect to the natural
parameter, where f+(ζ) and f−(ζ) are limits of f+(z) and f−(z) az z → ζ
along γ+ζ and γ
−
ζ , correspondingly.
Furthermore, the space of all such couples (f+, f−) has the infinite dimen-
sion for every couple (A,B) and any collections γ+ζ and γ
−
ζ , ζ ∈ ∂D.
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Remark 4. Some investigations were devoted also to the nonlinear Riemann
problems with boundary conditions of the form
Φ( ζ, f+(ζ), f−(ζ) ) = 0 ∀ ζ ∈ ∂D . (5.3)
It is natural as above to weaken such conditions to the following
Φ( ζ, f+(ζ), f−(ζ) ) = 0 for a.e. ζ ∈ ∂D (5.4)
with respect to the natural parameter. It is easy to see that the proposed ap-
proach makes possible also to reduce such problems to the algebraic measurable
solvability of the relations
Φ( ζ, v, w ) = 0 (5.5)
with respect to complex-valued functions v(ζ) and w(ζ), cf. e.g. [10].
Example 1. For instance, correspondingly to the scheme given above, spe-
cial nonlinear problems of the form
f+(ζ) = ϕ( ζ, f−(ζ) ) a.e. on ζ ∈ ∂D (5.6)
with respect to the natural parameter are always solved if the function ϕ :
∂D × C → C satisfies the Caratheodory conditions with respect to the
natural parameter, that is if ϕ(ζ, w) is continuous in the variable w ∈ C for
a.e. ζ ∈ ∂D and it is measurable with respect to the natural parameter in the
variable ζ ∈ ∂D for all w ∈ C.
Furthermore, the spaces of solutions of such problems always have the infinite
dimension. Indeed, by the Egorov theorem, see e.g. Theorem 2.3.7 in [6], see
also Section 17.1 in [16], the function ϕ(ζ, ψ(ζ)) is measurable with respect to
the natural parameter on ∂D for every function ψ : ∂D → C that is measurable
with respect to the natural parameter on ∂D if the function ϕ satisfies the
Caratheodory conditions, and the space of all functions ψ : ∂D → C that
are measurable with respect to the natural parameter on ∂D has the infinite
dimension, see e.g. arguments in Remark 3.
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Corollary 5. Let D be an open set in C whose boundary consists of a
finite number of mutually disjoint rectifiable Jordan curves, β and β∗ be ho-
meomorphisms of ∂D keeping its components such that β, β∗, β
−1 and β−1
∗
have the (N)−property of Lusin with respect to the natural parameter on ∂D,
ϕ : ∂D × C → C satisfy the Caratheodory conditions and let {γ+ζ }ζ∈∂D and
{γ−ζ }ζ∈∂D be families of Jordan arcs of class BS in D and C\D, correspondingly.
Suppose that g : C→ R is a function with compact support in the class Lp(C)
with some p > 2. Then there exist generalized analytic functions f+ : D → C
and f− : C \D → C with the source g such that
f+(β(ζ)) = ϕ(ζ, f−(β∗(ζ))) (5.7)
for a.e. ζ ∈ ∂D with respect to the natural parameter, where f+(ζ) and f−(ζ)
are limits of f+(z) and f−(z) as z → ζ along γ+ζ and γ
−
ζ , correspondingly.
Furthermore, the function f−(ζ) can be arbitrary measurable with respect to
the natural parameter on ∂D and, correspondingly, the space of all such couples
(f+, f−) has the infinite dimension for any such prescribed ϕ, β and collections
{γ+ζ }ζ∈∂D and {γ
−
ζ }ζ∈∂D.
Indeed, let ψ : ∂D → C be an arbitrary function that is measurable with
respect to the natural parameter on ∂D. Then by Lemma 1 with A ≡ 0 there
exist generalized analytic functions f− : C \D → C with the source g such that
f−(z)→ ψ(ζ) as z → ζ for a.e. ζ ∈ ∂D with respect to the natural parameter.
Note that the function ψ˜(ζ) := ψ(β∗(ζ)) is also measurable with respect to
the natural parameter on ∂D because the homeomorphism β−1
∗
has the Luzin
(N)−property. Hence the function Ψ(ζ) := ϕ(ζ, ψ˜(ζ)) is measurable with
respect to the natural parameter on ∂D, see Example 1 to Remark 4. Thus, the
function Φ = Ψ ◦ β−1 is also measurable with respect to the natural parameter
because the homeomorphism β has the (N)−property.
Then again by Lemma 1 with A ≡ 0 there exist generalized analytic functions
f+ : D → C with the source g such that f+(z)→ Φ(ζ) as z → ζ for a.e. ζ ∈ ∂D.
Thus, f+ and f− satisfy (5.7) and form a space of the infinite dimension.
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6 Mixed problems and Bagemihl–Seidel systems
In order to demonstrate the potentiality of the last approach, we consider here
also some mixed nonlinear boundary value problems. Further, given a function
f : D → C in an open set D in C, the notation ∂f
∂ν
(z) denotes the derivative of
f at z in a direction ν ∈ C, |ν| = 1, i.e.,
∂f
∂ν
(z) := lim
t→0
f(z + t · ν)− f(z)
t
. (6.1)
Theorem 5. Let D be an open set in C whose boundary consists of a
finite number of mutually disjoint rectifiable Jordan curves, ϕ : ∂D × C → C
satisfy the Caratheodory conditions and ν : ∂D → C, |ν(ζ)| ≡ 1, be measurable
with respect to the natural parameter on ∂D and let {γ+ζ }ζ∈∂D and {γ
−
ζ }ζ∈∂D
be families of Jordan arcs of class BS in D and C \D, correspondingly.
Suppose also that g : C → R is in Cα(C), α ∈ (0, 1), with compact support.
Then there exist generalized analytic functions f+ : D → C and f− : C\D → C
with the source g such that
f+(ζ) = ϕ
(
ζ,
[
∂f−
∂ν
]
(ζ)
)
(6.2)
for a.e. ζ ∈ ∂D with respect to the natural parameter where f+(ζ) and
[
∂f−
∂ν
]
(ζ)
are limits of the functions f+(z) and ∂f
−
∂ ν
(z) as z → ζ along γ+ζ and γ
−
ζ ,
correspondingly.
Furthermore, the function
[
∂f−
∂ν
]
(ζ) can be arbitrary measurable with respect
to the natural parameter on ∂D and, correspondingly, the space of all such
couples (f+, f−) has the infinite dimension for any such prescribed functions ϕ,
ν and collections γ+ζ and γ
−
ζ , ζ ∈ ∂D.
Theorem 5 is a special case of the following lemma on the nonlinear mixed
problem with shifts.
Lemma 2. Under the hypotheses of Theorem 5, let β and β∗ be homeo-
morphisms of ∂D keeping its components such that β, β∗, β
−1 and β−1
∗
have
the (N)−property of Lusin with respect to the natural parameter on ∂D.
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Then there exist generalized analytic functions f+ : D → C and f− : C\D →
C with the source g such that
f+(β(ζ)) = ϕ
(
ζ,
[
∂f−
∂ν
]
(β∗(ζ))
)
(6.3)
for a.e. ζ ∈ ∂D with respect to the natural parameter where f+(ζ) and
[
∂f−
∂ν
]
(ζ)
are limits of the functions f+(z) and ∂f
−
∂ ν
(z) as z → ζ along γ+ζ and γ
−
ζ ,
correspondingly.
Furthermore, the function
[
∂f−
∂ν
]
(ξ), ξ ∈ ∂D, can be arbitrary measurable
with respect to the natural parameter on ∂D and, correspondingly, the space of
all such couples (f+, f−) has the infinite dimension for any such prescribed ϕ,
ν, β, β∗ and collections {γ
+
ζ }ζ∈∂D and {γ
−
ζ }ζ∈∂D.
Proof. The logarithmic (Newtonian) potential P := NG with the source G = 2g
is in the class C2,α(C) by Theorem 1.10 in [35] and relations (2.6)–(2.7). Then
elementary calculations show that the function
H(z) := ∇P (z) , z ∈ C , ∇P := Px + iPy , z = x+ iy , (6.4)
is just a generalized analytic function in the class C1,α(C) with the source g.
Hence the function
h(ξ) :=
∂H
∂ ν
(ξ) , ξ ∈ ∂D , (6.5)
belongs to the class Cα(∂D).
Now, let a : ∂D → C be an arbitrary function that is measurable with
respect to the natural parameter on ∂D. Then by Theorem 5 in [11] there exist
analytic functions A− : C \D → C such that
lim
z→ζ
∂A−
∂ ν
(z) = a(ξ) (6.6)
along γ−ζ , ζ := β
−1
∗
(ξ), for a.e. ξ ∈ ∂D with respect to the natural parameter.
Setting f− = H + A− on C \ D and ψ = h + a on ∂D, we see that the
function ψ : ∂D → C can be arbitrary measurable with respect to the natural
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parameter, f− is a generalized analytic function with the source g in C \D and
lim
z→ζ
∂f−
∂ ν
(z) = ψ(ξ) (6.7)
along γ−ζ , ζ := β
−1
∗
(ξ), for a.e. ξ ∈ ∂D with respect to the natural parameter.
Note that the function ψ˜(ζ) := ψ(β∗(ζ)) is also measurable with respect to
the natural parameter on ∂D because the homeomorphism β−1
∗
has the Luzin
(N)−property. Moreover,
lim
z→ζ
∂f−
∂ ν
(z) = ψ˜(ζ) (6.8)
along γ−ζ for a.e. ζ ∈ ∂D with respect to the natural parameter because of the
homeomorphism β∗ has the Luzin (N)−property.
Next, the function Ψ(ζ) := ϕ(ζ, ψ˜(ζ)) is measurable with respect to
the natural parameter on ∂D, see Example 1 to Remark 4. Then the function
Φ = Ψ ◦ β−1 is also measurable with respect to the natural parameter because
the homeomorphism β has the (N)−property.
Consequently, by Theorem 2 in [2] there exist analytic functions A+ : D → C
such that A+(z)→ Φ(ζ)−H(ζ) as z → ζ along γζ for a.e. ζ ∈ ∂D with respect
to the natural parameter. Setting f+ = H + A+ on D, we see that f+ is
a generalized analytic function with the source g in D and f+(z) → Φ(ζ) as
z → ζ along γζ for a.e. ζ ∈ ∂D with respect to the natural parameter.
Thus, f+ and f− are the desired functions. It remains to note that the
space of all such couples (f+, f−) has the infinite dimension because the space
of all functions ψ : ∂D → C which are measurable with respect to the natural
parameter has the infinite dimension, see arguments in Remark 3.
Remark 5. In the case of Jordan domains D, following the same scheme,
namely, applying once more Theorem 5 in [11] instead of Theorem 2 in [2] in
the final stage of the above proof, the similar statement can be derived for the
boundary gluing conditions of the form[
∂f+
∂ν∗
]
(β(ζ)) = ϕ
(
ζ,
[
∂f−
∂ν
]
(β∗(ζ))
)
. (6.9)
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7 Neumann and Poincare problems for Poisson
In this section, we consider the Poincare boundary value problem on the direc-
tional derivatives, in particular, the Neumann problem for the Poisson equations
△U(z) = G(z) (7.1)
with real valued functions G of classes Lp(D) with p > 2 in the corresponding
domains D ⊂ C. Recall that a continuous solution U of (7.1) in the class W 2,p
loc
is called a generalized harmonic function with the source G and that by
the Sobolev embedding theorem such a solution belongs to the class C1.
Theorem 6. Let D be a Jordan domain with a rectifiable boundary and let
ν : ∂D → C, |ν(ζ)| ≡ 1, and ϕ : ∂D → R be measurable with respect to the
natural parameter on ∂D.
Suppose that G : D → R is in Lp(D), p > 2. Then there exist generalized
harmonic functions U : D → R with the source G that have the angular limits
lim
z→ζ
∂U
∂ν
(z) = ϕ(ζ) (7.2)
for a.e. ζ ∈ ∂D with respect to the natural parameter. Furthermore, the space
of such functions U has the infinite dimension.
Proof. Indeed, let us extend the function G by zero outside of D and let
P be the logarithmic potential NG with the source G, see (2.4). Then by the
arguments in the proof of Theorem 1 P ∈W 2,p
loc
(C)∩C1,α
loc
(C) with α = (p−2)/p
and △P = G a.e. in C. Set
ϕ∗(ζ) = Re ν(ζ)H(ζ) , ζ ∈ ∂D , (7.3)
where
H(z) := ∇P (z) , z ∈ C , ∇P := Px + iPy , z = x+ iy . (7.4)
Then by Theorem 1 with g = G/2 in D and λ = ν on ∂D, there exist
generalized analytic functions h with the source g that have the angular limits
lim
z→ζ
Re ν(ζ)h(z) = ϕ(ζ) (7.5)
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a.e. on ∂D with respect to natural parameter and, moreover, by Remark 1
the given functions h can be represented in the form of the sums A +H with
analytic functions A in D that have the angular limits
lim
z→ζ
Re ν(ζ)A(z) = Φ(ζ) (7.6)
a.e. on ∂D with respect to natural parameter for Φ(ζ) := ϕ(ζ)−ϕ∗(ζ), ζ ∈ ∂D,
and the space of such analytic functions A has the infinite dimension.
Note that any indefinite integral F of such A in the simply connected domain
D is also a single-valued analytic function and the harmonic functions u := Re F
and v := Im F satisfy the Cauchy-Riemann system ux = vy and uy = −vx.
Hence
A = F ′ = Fx = ux + i · vx = ux − i · uy = ∇u . (7.7)
Consequently, setting U∗ = u + P , we see that U∗ is a generalized harmonic
function with the source G and, moreover, by the construction h = ∇U∗.
Note also that the directional derivative of U∗ along the unit vector ν is the
projection of its gradient ∇U∗ into ν, i.e., the scalar product of ν and ∇U∗
interpreted as vectors in R2 and, consequently,
∂U∗
∂ν
= (ν,∇U∗) = Re ν · ∇U∗ = Re ν · h . (7.8)
Thus, (7.5) implies (7.2) and the proof is complete. ✷
Remark 6. We are able to say more in the case of Re n(ζ)ν(ζ) > 0, where
n(ζ) is the inner normal to ∂D at the point ζ. Indeed, the latter magnitude is a
scalar product of n = n(ζ) and ν = ν(ζ) interpreted as vectors in R2 and it has
the geometric sense of projection of the vector ν into n. In view of (7.2), since
the limit ϕ(ζ) is finite, there is a finite limit U(ζ) of U(z) as z → ζ in D along
the straight line passing through the point ζ and being parallel to the vector ν
because along this line
U(z) = U(z0) −
1∫
0
∂U
∂ν
(z0 + τ(z − z0)) dτ . (7.9)
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Thus, at each point with condition (7.2), there is the directional derivative
∂U
∂ν
(ζ) := lim
t→0
U(ζ + t · ν)− U(ζ)
t
= ϕ(ζ) . (7.10)
In particular, in the case of the Neumann problem, Re n(ζ)ν(ζ) ≡ 1 > 0,
where n = n(ζ) denotes the unit interior normal to ∂D at the point ζ, and we
have by Theorem 5 and Remark 5 the following significant result.
Corollary 6. Let D be a Jordan domain in C with a rectifiable boundary
and let ϕ : ∂D → R be measurable with respect to the natural parameter on ∂D.
Suppose that G : D → R is in Lp(D), p > 2. Then one can find generalized
harmonic functions U : D → R with the source G that have a.e. on ∂D with
respect to the natural parameter:
1) the finite limit along the normal n(ζ)
U(ζ) := lim
z→ζ
U(z) ,
2) the normal derivative
∂U
∂n
(ζ) := lim
t→0
U(ζ + t · n(ζ)) − U(ζ)
t
= ϕ(ζ) ,
3) the angular limit
lim
z→ζ
∂U
∂n
(z) =
∂U
∂n
(ζ) .
Furthermore, the space of such functions U has the infinite dimension.
Here we have also applied the well-known fact that any rectifiable curve has
a tangent a.e. with respect to the natural parameter. Moreover, note that the
tangent function τ(s) to ∂D is measurable with respect to the natural parameter
s as the derivative dζ(s)/ds and, thus, the inner normal n(s) to ∂D is measurable
with respect to the natural parameter, too.
Now, arguing similarly to the proof of Theorem 6, we obtain the following
statement by Theorem 2 and Remark 2.
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Theorem 7. Let D be a Jordan domain in C, ν : ∂D→ C, |ν(ζ)| ≡ 1, and
ϕ : ∂D → R be measurable functions with respect to harmonic measures in D
and let G : D → R be in Lp(D) for some p > 2.
Then there exist generalized harmonic functions U : D → C with the source
G that have the limits in the sense of the unique principal asymptotic value
lim
z→ζ
∂U
∂ν
(z) = ϕ(ζ) (7.11)
for a.e. ζ ∈ ∂D with respect to the harmonic measure in D. Furthermore, the
space of such functions U has the infinite dimension.
Next, arguing similarly to the proof of Theorem 6, we obtain the following
statement by Theorem 3 and Remark 3.
Theorem 8. Let D be a Jordan domain in C with a rectifiable boundary,
ν : ∂D → C, |ν(ζ)| ≡ 1, and ϕ : ∂D → C be measurable functions with respect
to the natural parameter on ∂D and let {γζ}ζ∈∂D be a family of Jordan arcs of
class BS in D.
Suppose that G : D → R is in Lp(D), p > 2. Then there exist generalized
harmonic functions U : D → C with the source G that have the limits along γζ
lim
z→ζ
∂U
∂ν
(z) = ϕ(ζ) (7.12)
for a.e. ζ ∈ ∂D with respect to the natural parameter. Furthermore, the space
of such functions U has the infinite dimension.
Remark 7. As it follows from the proofs of Theorems 6–8, the generalized
harmonic functions U with a source G ∈ Lp, p > 2, satisfying the Poincare
(Neumann) boundary conditions can be represented in the form of the sums
NG + U∗ of the logarithmic (Newtonian) potential NG that is a generalized
harmonic function with the source G and harmonic functions U∗ satisfying the
corresponding Poincare (Neumann) boundary conditions. In particular, in the
case of Theorem 8, for a.e. ζ ∈ ∂D with ϕ∗(ζ) := ϕ(ζ) −
∂NG
∂ν
(ζ), along γζ
lim
z→ζ
∂U∗
∂ν
(z) = ϕ∗(ζ) . (7.13)
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8 Riemann–Poincare type problems for Poisson
Finally, let us give one more result on a nonlinear problem of the Riemann–
Poincare type for generalized harmonic functions.
Corollary 7. Let D be a Jordan domain in C with a rectifiable boundary,
ϕ : ∂D × R → R satisfies the Caratheodory conditions, µ and ν : ∂D → C,
|µ(ζ)| ≡ 1, |ν(ζ)| ≡ 1, are measurable with respect to the natural parameter, and
let {γ+ζ }ζ∈∂D and {γ
−
ζ }ζ∈∂D are families of Jordan arcs of class BS in D and
C \D, correspondingly.
Suppose also that G : C → R is in Lp(C), p > 2, with compact support. Then
there exist generalized harmonic functions U+ : D → R and U− : C \ D → R
with the source G such that[
∂U
∂µ
]+
(ζ) = ϕ
(
ζ,
[
∂U
∂ν
]−
(ζ)
)
(8.1)
for a.e. ζ ∈ ∂D with respect to the natural parameter, where
[
∂U
∂µ
]+
(ζ) and[
∂U
∂ν
]−
(ζ) are limits of the functions ∂U
+
∂ µ
(z) and ∂U
−
∂ ν
(z) as z → ζ along γ+ζ
and γ−ζ , correspondingly.
Furthermore, the function
[
∂U
∂ν
]−
(ζ) can be arbitrary measurable with respect
to the natural parameter on ∂D and, correspondingly, the space of all such
couples (U+, U−) has the infinite dimension for any such prescribed functions
ϕ, µ, ν and collections γ+ζ and γ
−
ζ , ζ ∈ ∂D.
Indeed, let ψ : ∂D → C be an arbitrary function that is measurable with
respect to the natural parameter on ∂D. Then by Theorem 8 there exist ge-
neralized harmonic functions U− : C \ D → C with the source G such that
U−(z)→ ψ(ζ) as z → ζ for a.e. ζ ∈ ∂D because C \D can be transformed into
a Jordan domain in C under a conformal mapping of C onto itself, say generated
by reflections with respect to a circle in D and a line in C.
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Note that the function Ψ(ζ) := ϕ(ζ, ψ(ζ)) is measurable with respect to the
natural parameter on ∂D, see Example 1 to Remark 4. Then again by Theorem
8 there exist generalized harmonic functions U+ : D → C with the source G
such that U+(z) → Ψ(ζ) as z → ζ for a.e. ζ ∈ ∂D. Thus, U+ and U− are
desired functions.
Remark 8. Arguing similarly to the proof of Corollary 5, it is also possible
to prove the corresponding results for the nonlinear problems with shifts of
the Riemann–Poincare type for generalized harmonic functions in terms of the
Bagemihl–Seidel systems.
Similar results can be established for generalized harmonic functions to non-
linear problems of the Riemann–Poincare type with the second order directional
derivatives on the basis of Theorem 5, Lemma 2 and Remark 5, too.
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